Separable and Inseparable Quantum Trajectories by Sperling, J. & Walmsley, I. A.
Separable and Inseparable Quantum Trajectories
J. Sperling1, ∗ and I. A. Walmsley1
1Clarendon Laboratory, University of Oxford, Parks Road, Oxford OX1 3PU, United Kingdom
(Dated: August 6, 2018)
The dynamical behavior of interacting systems plays a fundamental role for determining quantum correla-
tions, such as entanglement. In this Letter, we describe temporal quantum effects of the inseparable evolution
of composite quantum states by comparing the trajectories to their classically correlated counterparts. For this
reason, we introduce equations of motions describing the separable propagation of any interacting quantum sys-
tem, which are derived by requiring separability for all times. The resulting Schro¨dinger-type equations allow
for comparing the trajectories in a separable configuration with the actual behavior of the system and, thereby,
identifying inseparable and time-dependent quantum properties. As an example, we study bipartite discrete- and
continuous-variable interacting systems. The generalization of our developed technique to multipartite scenarios
is also provided.
Introduction.—The discovery of quantum physics funda-
mentally altered our understanding of nature [1]. For in-
stance, the phenomenon of quantum entanglement is incom-
patible with the classical concept of correlations [2]. To clas-
sify entanglement, one has to define the notion of separabil-
ity first. For example, a pure bipartite separable state has the
form |a〉⊗ |b〉 = |a,b〉. The inseparability of a state defines
entanglement, and it was used to object the consequences of
quantum physics [3]. Another remarkable aspect of quantum
physics is that the evolution of particles is described through
a wave equation, the Schro¨dinger equation (SE),
ih¯|ψ˙〉= Hˆ|ψ〉, (1)
where we use f˙ = d f/dt for a time-dependent function f =
f (t). For example, the SE explains the observation of quan-
tum interferences of particles [4], confirming their wave na-
ture. In its time-independent form, the SE yields the eigen-
value equation (EE) of the Hamiltonian Hˆ,
Hˆ|ψ〉= E|ψ〉, (2)
which is connected to the quantization of, for example, elec-
tronic states in a hydrogen atom [5].
To verify entanglement, a number of inseparability criteria
have been formulated [2, 6]. One of the most successful ap-
proaches to certify inseparability are entanglement witnesses
[7, 8]. Therefore, the formulation and optimization of such
witnesses have been intensively studied; see, e.g., Refs. [9–
13]. Among other approaches, the method of so-called sep-
arability eigenvalue equations (SEEs) allows for constructing
entanglement witnesses [14, 15]. The solutions of the SEEs
have been used to experimentally identify path-entangled pho-
tons [16] and complex multipartite entanglement in frequency
combs [17, 18]. For the purpose of this Letter, it is also worth
mentioning that the SEEs have been recently applied to the
Hamiltonian to certify entanglement in macroscopic systems
[19]. This progress in verifying inseparability is, however, re-
stricted to a single time or stationary scenarios and does not
capture the dynamics of entanglement.
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The interaction between initially separated subsystems typ-
ically leads to inseparability; see, e.g., Refs. [20, 21] for ex-
perimental realizations. The other way around, the transition
of an entangled system to a separable one has been studied
as well [22, 23]. As a result, a vast number of impressive re-
sults have been obtained which describe the evolution of en-
tanglement in various complex systems [24–29]. While these
approaches allow us to predict the temporal behavior of insep-
arability, a comparison of the system with a separable one has
to be made for each point in time individually to infer entan-
glement. It is also worth mentioning that witnesses to probe
causal inseparability have been recently introduced [30, 31].
Therefore, the understanding of the evolution and detec-
tion of entanglement has made remarkable progress. How-
ever, a method to compare the entire evolution (i.e., the trajec-
tory of the system) with a separable one—without excluding
interactions—is missing so far.
In this Letter, we derive equations of motion for compound
systems restricted to separable states for arbitrary Hamiltoni-
ans with the aim of verifying inseparable trajectories. We are
able to perform such a task by using the least action princi-
ple, which eventually leads to a set of nonlinear and coupled
equations for the individual subsystems—to be termed sepa-
rability Schro¨dinger equations (SSEs). We prove fundamental
properties of the resulting dynamics and compare it with the
actual, i.e., unrestricted, dynamics. We solve our equations for
an interacting system, which allows us to discern inseparable
trajectories from separable ones. As a proof of concept, we
also demonstrate the generalization to multipartite systems.
Separability Schro¨dinger equations.—To formulate the de-
sired equations of motions, we follow one derivation of the
SE [32]. That is, the least action principle, in which the action
S=
∫ T
0 dt L is minimized, is applied using the Lagrangian [33]
L =
ih¯
2
〈ψ|ψ˙〉− ih¯
2
〈ψ˙|ψ〉−〈ψ|Hˆ|ψ〉. (3)
To include the restriction to separable states, we postulate that
we have a product state for all times, |ψ(t)〉 = |a(t),b(t)〉.
This yields Euler-Lagrange equations for the subsystems A
and B in the form
0 =
d
dt
∂L
∂ 〈a˙| −
∂L
∂ 〈a| and 0 =
d
dt
∂L
∂ 〈b˙| −
∂L
∂ 〈b| . (4)
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2See Ref. [34] for an introduction to the calculus of variations.
Applying the product rule, 〈ψ˙|= 〈a˙,b|+ 〈a, b˙|, we find
∂L
∂ 〈a˙| =−
ih¯
2
〈b|b〉|a〉,
∂L
∂ 〈a| =
ih¯
2
(〈b|b〉|a˙〉+ 〈b|b˙〉|a〉)− ih¯
2
〈b˙|b〉|a〉− Hˆb|a〉,
(5)
using Hˆb = trB[Hˆ(1ˆA⊗ |b〉〈b|)] [14, 15] and where 1ˆA is the
identity in A and trB is the partial trace over B. Inserting rela-
tions (5) into Eq. (4), we obtain for |a〉
ih¯
(〈b|b〉|a˙〉+ 〈b|b˙〉|a〉)= Hˆb|a〉 (6a)
and—in analogy—for |b〉
ih¯
(〈a|a〉|b˙〉+ 〈a|a˙〉|b〉)= Hˆa|b〉. (6b)
We refer to this coupled set of Eqs. (6a) and (6b) as SSEs.
They describe the evolution of a composite system restricted
to separable trajectories |a(t),b(t)〉. By construction, this is
true for any coupling between A and B. Comparing the so-
lutions of the SSEs with those of the SE [Eq. (1)], we are
able to study the inseparable dynamics of compound quantum
systems. Let us stress that we do not simply take an entangled
state |ψ(t)〉, obtained via a SE, and relate it to separable states.
Rather, our SSEs describe the separable dynamics itself.
Let us now characterize the SSEs to understand their phys-
ical features. The proofs are provided in the Supplemental
Material [35]. These properties are similar to those of the SE
and, thus, may not be surprising. However, let us emphasize
that it is a nonlinear dynamics, described by the SSEs, which
exhibits such similarities to the linear propagation of the SE.
First, the SSEs conserve the normalization; i.e., for all times
t holds
〈a(t)|a(t)〉= 1 and 〈b(t)|b(t)〉= 1. (7)
Note that the initial states are assumed to be normalized to
one, 〈a(0)|a(0)〉 = 1 = 〈b(0)|b(0)〉. Also, the energy of the
system subjected to the separable evolution is conserved,
E˙ = 0, (8)
where E = 〈a(t),b(t)|Hˆ|a(t),b(t)〉. Second, we can addition-
ally formulate a von Neumann form of the SSEs,
ih¯
d
dt
(|a〉〈a|)= [Hˆb, |a〉〈a|],
ih¯
d
dt
(|b〉〈b|)= [Hˆa, |b〉〈b|], (9)
which directly compares to the von Neumann equation for the
SE, ih¯d(|ψ〉〈ψ|)/dt = [Hˆ, |ψ〉〈ψ|]. Note that this form turns
out to be convenient for proving the properties of the SSEs
[35].
Third, in the stationary case, we find that the SSEs are iden-
tical to the SEEs of the Hamiltonian,
Hˆb|a〉= E|a〉 and Hˆa|b〉= E|b〉, (10)
see also Refs. [14, 15, 35]. This result is especially interesting
in comparison with the SE (1), whose time-independent form
is given by the EE (2). As mentioned earlier, the SEEs have
been used to experimentally detect entanglement [16–18] and
also for theoretical studies; see Ref. [36] for a recent appli-
cation. For instance, the solutions of Eq. (10) allowed us to
compare the separable spectrum with the actual spectrum of
energies of Hˆ [19]. In addition, replacing Hˆ in Eq. (10) with
the density operator yields quasiprobabilities which include
negative contributions for entanglement [37].
Further, the Hamiltonian can decomposed into local parts
for A and B and an interaction contribution,
Hˆ = HˆA⊗ 1ˆB+ 1ˆA⊗ HˆB+ Hˆ(int). (11)
For example, we can show that for a vanishing interaction,
Hˆ(int) = 0, the SSEs (6a) and (6b) decouple. Namely, we get
ih¯|a˙〉 = HˆA|a〉 and ih¯|b˙〉 = HˆB|b〉, being independent SEs [cf.
Eq. (1)] for each subsystem. Clearly, this behavior has to be
required from any separable evolution, and in fact, it is a direct
consequence of the SSEs.
Finally, we can introduce a local interaction picture to elim-
inate the influence of the local evolution. This means, we
can write |a(t),b(t)〉 = Uˆ(t)|a˜(t), b˜(t)〉, with the local uni-
tary Uˆ(t) = e−iHˆAt/h¯ ⊗ e−iHˆBt/h¯. This leads to SSEs for |a˜〉
and |b˜〉which depend on the effective Hamiltonian Hˆ(eff)(t) =
Uˆ†(t)Hˆ(int)Uˆ(t) only. This allows us to focus on the interac-
tion part of the Hamiltonian, since the local parts cannot lead
to entanglement.
Thus, we proved a number of fundamental features of the
SSEs. For instance, the static solutions of the SSEs yield the
SEE; see Fig. 1(a) for a comparison with the SE and the EE.
Let us apply our approach in the following.
Application: Exchange interaction.—We can focus on the
interaction between the subsystems, HˆA = 0 = HˆB. We study
a Hamiltonian Hˆ which describes an exchange interaction,
Hˆ = h¯κVˆ , (12)
where Vˆ is the swap operator, Vˆ |a,b〉= |b,a〉 for all |a,b〉, and
κ is a coupling constant. To compare the actual dynamics with
the evolution in a separable scenario, we use the initial condi-
tions |ψ(0)〉= |a0,b0〉. Then the solution of the SE yields
|ψ(t)〉= cos(κt)|a0,b0〉− isin(κt)|b0,a0〉. (13)
To exclude the trivial case, we assume that the initial states
are not parallel, |q| 6= 1, with
q = 〈a0|b0〉 (14)
being the transition amplitude between the initial states.
We can solve the SSE for the Hamiltonian (12) exactly, cf.
[35]. The solutions for the given initial conditions read
|a(t)〉= cos(|q|κt)|a0〉− i q
∗
|q| sin(|q|κt)|b0〉 (15a)
and
|b(t)〉= cos(|q|κt)|b0〉− i q|q| sin(|q|κt)|a0〉. (15b)
3FIG. 1. (Color online) (a) The relation between the different equations. The time-independent equation for the joint system is the EE [Eq.
(2)]. For product states, |a〉⊗ |b〉, the static equations are the SEEs [Eq. (10)]. The joint evolution of the system is described via the SE [Eq.
(1)]. Here, we derived the “missing link”—the SSEs [Eqs. (6a) and (6b)]—which describe the propagation of product states. (b) Trajectories
on the Bloch sphere. The solutions of the SSE (dashed) are compared to the solutions of the SE (solid) for one half period. All curves are
on the depicted plane. The initial conditions are |a0〉 = |↑〉 and |b0〉 = (|↑〉+ |↓〉)/
√
2. (c) Trajectories in phase space for one half period.
The solutions of the SSE and SE are shown as dashed and solid curves, respectively. The initial states are the coherent states |eipi/4/2〉 and
|− eipi/4/2〉 for the subsystems A and B, respectively.
Let us now compare the solution of the SE [Eq. (13)] with the
solutions of the SSEs [Eqs. (15a) and (15b)].
The state |ψ(t)〉 in Eq. (13) oscillates between the initial
state |a0,b0〉 and the swapped state |b0,a0〉, and it is sepa-
rable solely for the times t which are an integer multiple of
pi/|2κ| [35]. The separable solution |a(t), |b(t)〉 also oscil-
lates between |a0,b0〉 and |b0,a0〉. However, the periods of
this oscillation differ from the entangled case. The period of
the state (13) is 2pi/|κ|, whereas the period of the separable
solutions (15a) and (15b) is increased to 2pi/|κq|. This be-
comes most significant in the limit |q| → 0, which gives the
time-independent solution |a(t),b(t)〉 = |a0,b0〉. Note that
|a0〉 ⊥ |b0〉 is a solution of the SEEs (10), describing the
static scenario for the given Hamiltonian [35]. In the clas-
sical picture of Lagrangian mechanics, we can understand the
increased time scale through an additional virtual work to be
done, which is due to constraining the solutions of the SSE
to separable states. Clearly, this does not occur for the un-
constrained evolution in terms of the SE. Consequently, the
entangled evolution and the separable evolution under study
are described on different time scales.
As a first example, we assume that each subsystem de-
scribes a spin-1/2 particle. Hence, the system realizes a
discrete-variable qubit [38], where the spin-up state |↑〉 (spin-
down state |↓〉) represents the truth value “true” (“false”). Us-
ing the Pauli matrices [39], we can write the spin operators for
the particles as
~ˆSA =
h¯
2
σˆx⊗ σˆ0σˆy⊗ σˆ0
σˆz⊗ σˆ0
 and ~ˆSB = h¯2
σˆ0⊗ σˆxσˆ0⊗ σˆy
σˆ0⊗ σˆz
 . (16)
The scalar product of these vectors allows us to bring the
exchange-interaction Hamiltonian (12) into the form
Hˆ =
h¯κ
2
σˆ0⊗ σˆ0+ 2κh¯
~ˆSA ·~ˆSB, (17)
which yields a spin-spin coupling, with many applications
in chemical physics, nuclear physics, and beyond; see, e.g.,
Ref. [40]. One representation of qubits is given in terms
of the Bloch sphere [38]. In our case, we assign the tuple
(σx,σy,σz) = (〈σˆx ⊗ σˆ0〉,〈σˆy ⊗ σˆ0〉,〈σˆz ⊗ σˆ0〉) to the parti-
cle A and (σx,σy,σz) = (〈σˆ0 ⊗ σˆx〉,〈σˆ0 ⊗ σˆy〉,〈σˆ0 ⊗ σˆz〉) to
B. Note that the operators present local observables, having
a form MˆA⊗ MˆB, which typically cannot be applied to verify
entanglement.
In Fig. 1(b), we compare the separable trajectories (dashed)
with the inseparable trajectories (solid) for one cycle which
converts |a0,b0〉 into |b0,a0〉. The inseparable trajectory is
squeezed compared to the separable one. This means that even
without a reference time, entanglement of the evolved states is
verified by its path on the Bloch sphere which is incompatible
with the separable propagation. We should also keep in mind
that in both cases we start with the same initial conditions.
Our second example uses the representation in the
continuous-variable phase space [41], based on generalized
position xˆ, or quadrature, and its conjugate momentum pˆ.
In quantum optics, a single-mode radiation field may be de-
scribed via the bosonic annihilation and creation operators cˆ
and cˆ†, respectively, leading to
xˆ =
cˆ+ cˆ†
2
and pˆ =
cˆ− cˆ†
2i
. (18)
Hence, we obtain the phase-space coordinates (x, p) =
(Re〈aˆ〉, Im〈aˆ〉) for mode A, using aˆ = cˆ⊗ 1ˆ and 1ˆA = 1ˆ = 1ˆB,
and (x, p) = (Re〈bˆ〉, Im〈bˆ〉) for mode B, with bˆ = 1ˆ⊗ cˆ. To
4determine the meaning of the exchange interaction, let us re-
call that 〈α,β |Vˆ |α,β 〉= e−|α−β |2 = 〈α,β |: exp(−[aˆ− bˆ]†[aˆ−
bˆ]):|α,β 〉, where |α,β 〉 is a two-mode coherent state and : · · · :
denotes the normal ordering prescription [42]. Thus, to get an
idea of the operation of the Hamiltonian (12), we can approx-
imate Hˆ in a first-order Taylor expansion as [43]
Hˆ ≈ h¯κ(1ˆ⊗ 1ˆ− aˆ†aˆ− bˆ†bˆ)+ h¯κ(aˆ†bˆ+ bˆ†aˆ). (19)
The first terms are local contributions only. The second part,
however, describes a beam splitter, interfering the optical
modes A and B, which is vital for realizing quantum-optical
experiments, such as photon antibunching [44], Hong-Ou-
Mandel interferences [45], or more general multiphoton cor-
relations [46, 47].
The trajectories in phase space are shown in Fig. 1(c) for A
and B. The curves depict one half period for initially coher-
ent states. Similarly to the previous case, the inseparable path
is characterized by describing a narrower oval compared to
the separable one. Again, the relation to classical Lagrangian
mechanics identifies the additional virtual work as the reason
for the more extend trajectory for separable states—i.e., con-
fined degrees of freedom yield additional virtual work, which
corresponds to a larger amplitude in phase space.
Generalization and outlook.—Beyond bipartite systems, en-
tanglement in multipartite systems has a much richer structure
and, therefore, a higher complexity [2]. Still, we can gener-
alize the SSEs to the multipartite scenario [35]. For example,
the von Neumann form [cf. Eq. (9)] for a N-partite product
state |a1, . . . ,aN〉 is given by
ih¯
d
dt
(|an〉〈an|) =
[
Hˆa1,...,an−1,an+1,...,aN , |an〉〈an|
]
, (20)
for n= 1, . . . ,N and where Hˆa1,...,an−1,an+1,...,aN is the multipar-
tite generalization of Hˆa [15, 35]. Interestingly, for N = 1, we
retrieve the SE. Equation (20) allows us to study entangling
properties of multipartite quantum dynamics.
Beyond the fundamental introduction of separable trajec-
tories for pure states, another step is the treatment of mixed
separable states [48], which can be achieved via mixtures of
pure-state trajectories distributed according to the probabil-
ity distribution which describes the initial state [49]. In this
context, it would be also interesting to study open quantum
systems. For instance, a separable form of the Lindblad mas-
ter equations would allow us to infer inseparable trajectories
including attenuations. This extension of our theory requires
further studies, but it might lead to a deeper insight into insep-
arable quantum trajectories for a broader class of systems.
Conclusions.—We derived equations of motion which ren-
der it possible to discern inseparable trajectories from sep-
arable ones. Using the least action principle, we develop
the method of separability Schro¨dinger equations, resem-
bling the original Schro¨dinger equation constrained to sep-
arable states. We characterized our coupled set of nonlin-
ear equations. We found an interesting symmetry between
the time-independent and time-dependent Scho¨dinger equa-
tion and their corresponding counterparts for separability. We
also formulated a multipartite generalization of our technique.
One interpretation of our results is that the action serves as
a witness for time-dependent entanglement. The action for
the separable trajectory has be larger than the action for the
inseparable one, which is the global (unrestricted) minimum.
The difference between those quantities can also serve as a
measure to quantitatively assess the generated entanglement.
Moreover, our method enables us to compare the separa-
ble trajectory to the inseparable one, which was impossible
before. Whenever the inseparable propagations deviates from
the evolution of a classically correlated scenario, an entan-
gling dynamics is uncovered. This also describes the exper-
imental implementation of our approach. Namely, the sepa-
rable quantum trajectories predicted by our theory can be di-
rectly compared to the measured behavior of an interacting
system to certify temporal quantum correlations.
Our method describes the joint, but separable, evolu-
tion of quantum systems without disregarding the interac-
tion. As an application, we solved our equations of motion
for an exchange-interaction Hamiltonian. This enabled us
to compare the separable dynamics, due to the separability
Schro¨dinger equation, with the actual evolution in terms of the
Schro¨dinger equation. For example, we found that the prop-
agation in time is slower for the separable case. Moreover,
we studied the quantum trajectories on the discrete-variable
Bloch sphere and in the continuous-variable phase space.
Therefore, we developed a universally applicable concept
to identify time-dependent entanglement by considering the
whole trajectory—instead of considering a single point in time
or restricting ourselves to static scenarios. The technique in-
troduced here allows us to not only to predict, but also to
certify temporal forms of inseparability. We believe that this
method is a step towards novel applications and a deeper fun-
damental understanding of time-dependent quantum phenom-
ena.
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APPENDICES
We briefly review the separability eigenvalue equations in
Sec. A. We prove properties of the separability Schro¨dinger
equations (SSEs) in Sec. B. The exact solution of the consid-
ered example is given in Sec. C. Finally, the multipartite SSEs
are derived in Sec. D, and some comments on time-dependent
and global phases are provided in Sec. E.
Appendix A: Separability eigenvalue equations
The bipartite separability eigenvalue equations for an oper-
ator Lˆ read [14]
Lˆb|a〉= g|a〉 and Lˆa|b〉= g|b〉, (A1)
where Lˆa = trA[Lˆ(|a〉〈a| ⊗ 1ˆB)] and Lˆb = trB[Lˆ(1ˆA⊗ |b〉〈b|)].
The normalized vectors |a〉 and |b〉 form the separability
5eigenvector |a,b〉 = |a〉 ⊗ |b〉. The number g is the separa-
bility eigenvalue. A multipartite generalization of these equa-
tions were also formulated [15]. For comparison, the standard
eigenvalue equation reads Lˆ|ψ〉= g|ψ〉.
The operator Lˆ is completely determined if all expecta-
tion values of the form 〈x,y|Lˆ|x,y〉 are known for a complex,
tensor-product Hilbert space. We have
〈x,y|Lˆ|x,y〉= 〈x|Lˆy|x〉= 〈y|Lˆx|y〉. (A2)
It well known that 〈x,y|Lˆ|x,y〉= 〈x,y|Lˆ|x,y〉∗ for all |x,y〉 in a
complex, tensor-product Hilbert space is identical to the state-
ment that Lˆ is Hermitian. Therefore, the definition of Lˆx and
Lˆy implies for any operator Lˆ = Lˆ† that
Lˆx = (Lˆx)† and Lˆy = (Lˆy)†. (A3)
Appendix B: Properties of the SSE
In this section, we study properties of the dynamics to be
inferred from the SSEs,
ih¯
(〈b|b〉|a˙〉+ 〈b|b˙〉|a〉)=Hˆb|a〉 (B1a)
and
ih¯
(〈a|a〉|b˙〉+ 〈a|a˙〉|b〉)=Hˆa|b〉. (B1b)
for
|a〉= |a(t)〉 and |b〉= |b(t)〉 (B2)
Furthermore, we define E = 〈a,b|Hˆ|a,b〉, and the initial states
are labeled as |a(0)〉= |a0〉 and |b(0)〉= |b0〉, with 〈a0|a0〉=
1 = 〈b0|b0〉. The Hamiltonian is decomposed in the form
Hˆ = HˆA⊗ 1ˆB+ 1ˆA⊗ HˆB+ Hˆ(int). (B3)
1. Conservation of normalization
Multiplying Eq. (B1a) with 〈a| or Eq. (B1b) with 〈b| results
in
ih¯
(〈b|b˙〉〈a|a〉+ 〈b|b〉〈a|a˙〉)= E (B4)
Because Hˆ = Hˆ† implies E = E∗ for all |a,b〉, we find
d〈a,b|a,b〉
dt
=−E
∗
ih¯
+
E
ih¯
= 0. (B5)
Since the initial state has a total probability of one,
〈a(0),b(0)|a(0),b(0)〉= 1, we get
〈a(t),b(t)|a(t),b(t)〉= 1 (B6)
for all t. Hence, we can write for all times
|a,b〉= |a,b〉√〈a,b|a,b〉 = |a〉√〈a|a〉 ⊗ |b〉√〈b|b〉 . (B7)
Therefore, we can state without a loss of generality that the
states of the subsystems have a constant normalization. That
is, 〈a|a〉= 1 = 〈b|b〉 holds true for all times.
2. von Neumann form
To derive the von Neumann form of the SSEs, we can com-
pute from the original SSEs for subsystem A
d
dt
(|a〉〈a|) =
(
1
ih¯
Hˆb|a〉−〈b|b˙〉|a〉
)
〈a|
+ |a〉
(
− 1
ih¯
〈a|Hˆb−〈b˙|b〉〈a|
)
=
1
ih¯
[Hˆb, |a〉〈a|]−
(〈b|b˙〉+ 〈b˙|b〉)︸ ︷︷ ︸
=
d〈b|b〉
dt
= 0
|a〉〈a|, (B8)
and similarly for subsystem B. Thus, we have
ih¯
d
dt
(|a〉〈a|) = [Hˆb, |a〉〈a|], (B9a)
ih¯
d
dt
(|b〉〈b|) = [Hˆa, |b〉〈b|]. (B9b)
Note that these von Neumann-type equations are equivalent
to the SSEs when ignoring global phases. A similar relation
holds for the Schro¨dinger equation, where ih¯d|ψ〉/dt = Hˆ|ψ〉
is also equivalent to ih¯d(|ψ〉〈ψ|)/dt = [Hˆ, |ψ〉〈ψ|] up to a
global phase.
3. Conservation of energy
Let us consider the expectation value of a time-independent
observable Lˆ. From the von Neumann form of the SSEs, we
get
ih¯
d
dt
〈a,b|Lˆ|a,b〉= 〈a|[Lˆb, Hˆb]|a〉+ 〈b|[Lˆa, Hˆa]|b〉. (B10)
For instance, this time derivative becomes zero if [Lˆb, Hˆb] = 0
and [Lˆa, Hˆa] = 0. In particular, this is true for Lˆ = Hˆ, resulting
in
dE
dt
= 0. (B11)
4. Time-independent solutions
In the stationary case with vanishing time derivatives, the
von Neumann-type Eq. (B9) take the forms 0 = [Hˆb, |a〉〈a|]
and 0 = [Hˆa, |b〉〈b|]. This is equivalent to |a〉 and |b〉 being
eigenvectors of Hˆb and Hˆa, respectively. This means that the
stationary case yields separability eigenvectors,
Hˆb|a〉= E|a〉 and Hˆa|b〉= E|b〉, (B12)
where E = 〈a,b|Hˆ|a,b〉 is applied to determine that the eigen-
value is the energy.
65. Noninteracting systems
Here, we assume that the subsystems do not interact,
Hˆ(int) = 0 [see Eq. (B3)]. Then the partially reduced Hamil-
tonian are simply Hˆa = HˆB + 〈a|HˆA|a〉1ˆB and Hˆb = HˆA +
〈b|HˆB|b〉1ˆA. Hence, the equations of motion decouple,
ih¯
d
dt
(|a〉〈a|) = [HˆA, |a〉〈a|]
and ih¯
d
dt
(|b〉〈b|) = [HˆB, |b〉〈b|],
(B13)
which is equivalent (ignoring a global phase) to the local
Schro¨dinger equations
ih¯
d
dt
|a〉= HˆA|a〉 and ih¯ ddt |b〉= HˆB|b〉. (B14)
6. Interaction picture
For studying the case of a nonvanishing interaction, Hˆ(int) 6=
0, we can further introduce
|a〉= e−iHˆAt/h¯|x〉 and |b〉= e−iHˆBt/h¯|y〉. (B15)
From this we get the time derivatives, such as
ih¯|a˙〉=e−iHˆAt/h¯ (HˆA|x〉+ |x˙〉)
and ih¯〈b|b˙〉=〈y|HˆB|y〉+ 〈y|y˙〉,
(B16)
and the action of the partially reduced Hamiltonian,
Hˆb|a〉=e−iHˆAt/h¯
(
HˆA|x〉+ 〈y|HˆB|y〉|x〉+ Hˆ(eff)y |x〉
)
, (B17)
using the locally transformed interaction part of the consid-
ered Hamiltonian,
Hˆ(eff)
=
(
eiHˆAt/h¯⊗ eiHˆBt/h¯
)
Hˆ(int)
(
e−iHˆAt/h¯⊗ e−iHˆBt/h¯
)
. (B18)
Thus, we get for the SSE for subsystem A
ih¯(|x˙〉+ 〈y|y˙〉|x〉) = Hˆ(eff)y |x〉, (B19a)
applying the normalization 〈a|a〉= 〈x|x〉= 1 = 〈y|y〉= 〈b|b〉.
Similarly, we obtain for subsystem B
ih¯(|y˙〉+ 〈x|x˙〉|y〉) = Hˆ(eff)x |y〉. (B19b)
Hence, we obtain a new set of SEEs for |x,y〉 and the effective
Hamiltonian (B18).
Appendix C: Exchange interaction
In this section, we provide the exact results and supplemen-
tal discussion for the application studied.
1. The standard approach
We consider the the Hamiltonian
Hˆ = h¯κVˆ , (C1)
where κ is a real-valued constant and Vˆ is the swap operator,
Vˆ |x,y〉 = |y,x〉 for all |x〉 and |y〉. The eigenvalues of Hˆ are
±h¯κ , which can be seen from Vˆ (|x,y〉± |y,x〉) = ±(|x,y〉±
|y,x〉). For convenience, we use a rescaled and unit-free time,
τ = κt. (C2)
The straightforward solution of the standard Schro¨dinger
equation for the initial state |ψ(0)〉 = |a0,b0〉 yields the fol-
lowing propagated state:
|ψ(τ)〉= cos(τ)|a0,b0〉− isin(τ)|b0,a0〉. (C3)
From the Schmidt decomposition (see Ref. [38]), we get time-
dependent Schmidt coefficients,
λ± =
√√√√1±√1− sin2(2τ)(1−|q|2)2
2
, (C4)
where we use the transition amplitude
q = 〈a0|b0〉. (C5)
We have λ− = 0—resembling the separable case—for parallel
initial states (|q| = 1) or for any time τ which is an integer-
multiple of pi/2.
2. Solving the SSEs
Now we analytically solve the nonlinear SSEs. From
〈y|Vˆx|y〉 = 〈y|x〉〈x|y〉 for all |y〉, we can conclude that the re-
duced operator Vˆx has the form
Vˆx = |x〉〈x|. (C6)
Thus, we have that Vˆx|y〉 = 0|y〉 for |y〉 perpendicular to |x〉
and Vˆx|y〉 = 1|y〉 for |y〉 parallel to |x〉. Hence, the separa-
bility eigenvalues of Hˆ are 0 and h¯κ . Note, it holds that
〈x,y|Vˆ |x,y〉= |〈x|y〉|2 ≥ 0.
Therefore, we can write for the von Neumann form
i
d
dτ
(|a〉〈a|) = [|b〉〈b|, |a〉〈a|] =−i d
dτ
(|b〉〈b|). (C7)
This implies that the operator Cˆ = |b〉〈b|+ |a〉〈a| is time-
independent, idCˆ/dτ = 0. To satisfy the initial conditions,
|a0,b0〉 for τ = 0, Cˆ has to obey
Cˆ = |b0〉〈b0|+ |a0〉〈a0|. (C8)
When replacing |b〉〈b|= Cˆ−|a〉〈a| in the equation of motion
for |a〉〈a|, we can obtain the solutions from the standard the-
ory. That is, the von Neumann-type equation id(|c〉〈c|)/dτ =
[Cˆ, |c〉〈c|], with
|c(τ)〉= γ(τ)|a0〉+δ (τ)|b0〉, (C9)
7is equivalent to the Schro¨dinger-type equation
i
d
dτ
|c〉= Cˆ|c〉. (C10)
Here it is also worth recalling that Cˆ = |a0〉〈a0|+ |b0〉〈b0|.
The latter Schro¨dinger-type equation is solved for the time-
dependent parameters
(
γ(τ)
δ (τ)
)
=
(
cos(|q|τ) −i q∗|q| sin(|q|τ)
−i q∗|q| sin(|q|τ) cos(|q|τ)
)(
γ(0)
δ (0)
)
,
(C11)
using q as defined in Eq. (C5) and while ignoring a global
phase e−iτ . The initial conditions γ(0) = 1 and δ (0) = 0 [or
γ(0) = 0 and δ (0) = 1] correspond to the states |c(0)〉= |a0〉
[or |c(0)〉= |b0〉]. Therefore, we finally get the separable tra-
jectories of the exchange interaction as
|a(τ)〉=cos(|q|τ)|a0〉− i q
∗
|q| sin(|q|τ)|b0〉, (C12a)
|b(τ)〉=cos(|q|τ)|b0〉− i q|q| sin(|q|τ)|a0〉. (C12b)
Appendix D: Multipartite separable evolution
In the N-partite case, pure separable states take the form
|ψ(sep)〉= |a1, . . . ,aN〉=
N⊗
n=1
|an〉. (D1)
For each subsystem, l = 1, . . . ,N, the Euler-Lagrange equation
reads
0 =
d
dt
∂L
∂ 〈a˙l | −
∂L
∂ 〈al | . (D2)
The time derivative of |ψ(sep)〉 can be obtained with the prod-
uct rule,
d
dt
|ψ(sep)〉=
N
∑
m=1
[
m−1⊗
n=1
|an〉
]
⊗|a˙m〉⊗
[
N⊗
n=m+1
|an〉
]
, (D3)
where we identify |a˙m〉 = d|am〉/dt. Hence, the Lagrangian
for this N-partite product state reads
L =
ih¯
2
〈ψ(sep)|
[
d
dt
|ψ(sep)〉
]
− ih¯
2
[
d
dt
〈ψ(sep)|
]
|ψ(sep)〉
−〈ψ(sep)|Hˆ|ψ(sep)〉
=
ih¯
2 ∑m
[
∏
n6=m
〈an|an〉
]
[〈am|a˙m〉−〈a˙m|am〉]
−〈a1, . . . ,aN |Hˆ|a1, . . . ,aN〉. (D4)
We find
∂L
∂ 〈a˙l | =−
ih¯
2
[
∏
n6=l
〈an|an〉
]
|al〉, (D5)
d
dt
∂L
∂ 〈a˙l | =−
ih¯
2
[
∏
n6=l
〈an|an〉
]
|a˙l〉− ih¯2 ∑m 6=l
[
∏
n 6=m,l
〈an|an〉
]
[〈a˙m|am〉+ 〈am|a˙m〉] |al〉, (D6)
∂L
∂ 〈al | =
ih¯
2
[
∏
n6=l
〈an|an〉
]
|a˙l〉+ ih¯2 ∑m 6=l
[
∏
n6=m,l
〈an|an〉
]
[〈am|a˙m〉−〈a˙m|am〉] |al〉− Hˆa1,...,al−1,al+1,...,aN |al〉. (D7)
where we use the multipartite partially reduced operators Hˆa1,...,al−1,al+1,...,aN [15],
Hˆa1,...,al−1,al+1,...,aN = tr1 · · · trl−1trl+1 · · · trN
[
Hˆ
(
|a1〉〈a1|⊗ · · ·⊗ |al−1〉〈al−1|⊗ 1ˆl⊗|al+1〉〈al+1|⊗ · · ·⊗ |aN〉〈aN |
)]
. (D8)
Inserting the derivatives into the lth Euler-Lagrange equation [Eq. (D2)], we get
0 =−ih¯
[
∏
n6=l
〈an|an〉
]
|a˙l〉− ih¯∑
m 6=l
[
∏
n6=m,l
〈an|an〉
]
〈am|a˙m〉|al〉+ Hˆa1,...,al−1,al+1,...,aN |al〉. (D9)
8From this, we finally obtain (l = 1, . . . ,N)
ih¯
[
∏
n6=l
〈an|an〉|a˙l〉+∑
m 6=l
〈am|a˙m〉 ∏
n6=m,l
〈an|an〉|al〉
]
=Hˆa1,...,al−1,al+1,...,aN |al〉, (D10)
These equations of motion represent the multipartite ver-
sion of the SSEs. The properties, which have been derived
for the bipartite case, can be straightforwardly generalized to
the multipartite scenario. For instance, the normalization of
each component of the separable state is constant for all times,
〈an|an〉 = 1 for n = 1, . . . ,N, and the von Neumann form can
be applied. Also note that the case N = 1 yields the standard
Schro¨dinger equation, ih¯d|ψ〉/dt = Hˆ|ψ〉.
Appendix E: Global time-dependent phases
When substituting |ψ(t)〉 = eEt/(ih¯)|χ(t)〉, the Schro¨dinger
equation takes the form
ih¯
d
dt
|χ〉= ∆Hˆ|χ〉, (E1)
where ∆Hˆ = Hˆ−E and E = 〈χ|Hˆ|χ〉 = 〈ψ|Hˆ|ψ〉. This also
results in
〈χ|χ˙〉= 0. (E2)
This is interesting since the new terms 〈a|a˙〉 and 〈b|b˙〉 ap-
pear in the SSEs (B1). From the SSEs and the conservation of
normalization, we get ih¯(〈a|a˙〉+ 〈b|b˙〉) = E, using the time-
independent energy E = 〈a,b|Hˆ|a,b〉. In addition, let us de-
fine the function ϕ(t) = ih¯(〈a|a˙〉−〈b|b˙〉).
For the desired substitution, we consider the states |x〉 and
|y〉 given by
|a〉= e(Et+ϕ)/(2ih¯)|x〉 and |b〉= e(Et−ϕ)/(2ih¯)|y〉. (E3)
The combination of the above definitions yields
〈x|x˙〉= 0 and 〈y|y˙〉= 0. (E4)
Inserting Eq. (E3) into the SEEs (B1a) and (B1b), we get
modified SSEs in the form
ih¯
d
dt
|x〉= ∆Hˆy|x〉 and ih¯ ddt |y〉= ∆Hˆx|y〉, (E5)
where ∆Hˆx = Hˆx−E and ∆Hˆy = Hˆy−E.
The form of the SSEs in Eq. (E5) can be convenient when
one does not want to consider global phases. In addition, this
form of the SSEs shows an even closer resemblance to the
Schro¨dinger equation in the form (E1). For the multipartite
case, |a1, . . . ,aN〉, we analogously get
ih¯
d
dt
|xl〉= ∆Hˆx1,...,xl−1,xl+1,...,xN |xl〉, (E6)
for l = 1, . . . ,N (see also Sec. D).
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